Abstract: We define forward copula models and introduce the concept of "chaining" such models. We discuss the use of these concepts in the calibration to the term structure of tranche quotes.
Introduction
In recent years the tranches of the standard index pools of CDS's as ITraxx and CDX have become increasingly liquid and have begun trading at several standard maturities. Although the five year maturity remains the most liquid both shorter and longer maturities trade in sufficient volumes to be able to serve as market references. This allows on the one hand dealers to risk manage their seasoned books and on the other hand investors to take views on the relative pricing of different maturities.
Another development has been the emergence of new products sensitive not only to the term structure, but also to the dynamics of losses and loss distributions. A few examples of such products are forward starting tranches, tranche options and leveraged tranches. In the modeling of this dynamics such as, eg, in [Schonbucher(2005) , ], one takes-implicitly or explicitly-as the starting point the initial term structure of loss distributions.
One problem with modeling this term structure is that in the market only a handful of tranches are quoted and trade liquidly for each of only a few maturities. Thus the pricing of tranches of other seniorities and/or maturities has to rely on some form of interpolation. Since tranches are quoted on par spreads, one cannot interpolate directly in the market quotes and since the conversion from par spread to (leg) value requires a pricing model, one cannot interpolate in values either. For a single maturity liquid tranche prices can be matched by base-correlations [McGinty et al.(2004) ], but again there is no interpolation rule which can guarantee consistency (absence of arbitrage).
A number of factor copula models have been proposed attempting to match simultaneously all liquid tranches with a common maturity, see for example Sidenius(2004/2005) , Guegan and Houdain(2005) , Kalemanova et al.(2005) , Hull and White(2005) , Willeman(2005) ]. Since these models are consistent by construction, any tranche can be priced consistently with such a model. However, unless the maturity is close to the common maturity, the fit to the market is unsatisfactory. Furthermore, attempts to repair this situation by letting model parameters become maturity dependent are easily seen to lead to inconsistencies.
In this paper we present a way of combining the calibrations to several maturities in a single model. To do this we use a new formalism for building models as chains of models each of which describes the loss distribution over a forward interval (between tranche maturities). All the "link" models are assumed to be factor copula models, ie, model default times are independent when conditioned on the model factors. The chain is again a factor copula model and as such supports the use of standard techniques [Andersen et al.(2003) ] for pricing and sensitivity computations.
The formalism supports more general chain constructions than required for matching the term structure of tranche prices. This can be used to construct chain models for which one can control the decoupling of losses in different forward periods (see also very recent paper [Andersen(2006) ] for discussions of such models).
In the next section we define forward copulas and proceed in Section 3 to idea of chaining such models together to form a new factor copula model. We present some special cases of this idea in Section 4 where we also give some important applications. Section 5 contains our concluding remarks. An appendix contains some useful observations about factor copula models.
Forward copula models
We begin by considering in complete generality a factor model of the default times τ i in a given portfolio of N assets labeled i = 1, . . . , N. Let there be given
• a factor Z with distribution F Z over some domain D Z (possible multidimensional);
• a set of continuous functions
with the properties
Then we can interpret the g i 's as (factor) conditional survival curves, ie,
We shall furthermore require conditional independence of the default times, ie,
With this definition a factor model implies a definite joint distribution of default times and guarantees the consistency of loss distributions to all horizons. The default time distribution can be straightforwardly sampled by Monte Carlo and loss distributions can be computed by convolution techniques [Andersen et al.(2003) ]. The above definition (see also [Andersen and Sidenius(2005) ]) may be unfamiliar, but for the purposes of this paper it is more convenient than the usual definition in terms of default trigger variables. The latter is often useful for implementations, however, because it gives a concrete parameterization which can be used in calibration-see Appendix A for details.
To define a forward starting model we exploit the usual analogy between (conditional) survival probabilities and discount factors. Thus we can define a forward model with forward start at time T > 0 by the conditional survival curves
We now have
Motivated by this observation we shall use the properties (3) of the conditional survival curves to define a forward starting copula factor model. Our aim in the next section is to construct a "chain" of forward models covering disjoint forward intervals such that the chain model covers all positive times and such that we have (3) for all forward models. Thus we want the conditional survival curves of each forward model to give the survival probability conditioned on the factor and on survival to forward start.
Chaining
Consider first the case of just two models: one spot starting, the other forward starting at time T > 0. Let the models be given by quadruplets
with superscript (1) ((2)) referring to the spot (forward) starting model. The conditional survival curves g i of the "chain" model will depend on both factor values z (1) and z (2) , but for times before T we have simply
with no dependence on z (2) . However, for t > T we have
) and so we must make the identification
This last equation looks strange since the right hand side depends on z (1) whereas the left hand side does not. The only way out is to require that the factor structure of the forward model "contain" the factor structure of the spot model. More precisely, we require that for some suitableZ (2)
);
and that the marginal distribution of
. When this is the case (4) makes sense because we can rewrite is as
which allows to define the chain model as the factor copula model having factor Z = Z (2) and conditional survival curves
The chaining mechanism just developed is very general and the requirements made on "link" models are-perhaps contrary to perceptions-very weak since the factor structure of a link can always be trivially extended to satisfy them.
More specifically, if we are given two triplets (Z,
we can extend the second factor structure such that it includes the first (or vice versa) in the sense required for chaining. The important point is, of course, that we can do so without in any way changing the corresponding link model. To see this define the trivially extended factor structure by
and define the conditional survival curves for the trivially extended model aŝ
ie, independent of Z.
The above remark shows that we can chain arbitrary models without making any assumption about their factor structures. We can think of this way of chaining as just taking a "straight" product of the link models where the factor structures of different links are independent. However,the general chaining mechanism allows to "twist" the product if the link factor structures support it. In the next section we shall look at some examples of this.
The chain model produced by the fusing of the two links is again a factor copula model as defined in Section 2. As such it may, in turn, be considered as a link to be fused with a third model and so on. Thus there is no absolute distinction between chain models and link models and there is no need for-nor indeed any room for-an independent definition of multi-link chains; the result of fusing several links follows from the procedure described above.
Let us anyway briefly consider the result of fusing a chain of K links. We consider a set of maturities 0 = T 0 < T 1 < . . . < T K and, for each interval
. The conditional survival curves of the k'th model are given by functions g i (t, Z (k) ). The factor structure of the chain model out to and including the k'th forward model is given by the triplet
and the conditional survival curves by
and one verifies by inspection that indeed
We conclude this section by discussing the important issue of the calibration of chain factor models to single-name CDS curves, ie, to marginal default time distributions. This can be done in a straightforward "bootstrap" procedure. We must have (see (1))
so for k = 1 we have to search, for each asset, for (parameters of) g
i such that
Once the g
i 's have been thus determined we proceed to determining the g
i 's by requiring, for each i,
and so on. The only non-trivial point is whether it is guaranteed that we can find g
i 's etc such that (9) is satisfied. Note that the issue is not so much whether we can satisfy the requirement for all t, but rather whether we can do it for all t such that the conditional survival curves are decreasing for all z. We shall demonstrate that this is so in the case most interesting in practice, where g (2) i are defined as the forward survival curves of a factor model defined by a trigger variable specification. In this case we have the explicit form (from (19) and (2)
where
is some function introduced to allow RFL type specifications. Here we wish to choose a continuous h (9) holds. First, note that the value of h (2) i (T 1 ) is not determined by (9). Its value is, in fact, arbitrary and will not affect the resulting model 1 . Next, from the explicit form (10) we see that for any fixed t and z, g i (t) and therefore so is the integral on the right hand side of (9). Furthermore, since g i depends on t only through h i which solves (9) is indeed decreasing in t for any z.
We note that it will be very hard to preserve any tractability in the chain model beyond the first period. This means that all factor integrals will have to be evaluated numerically. This makes the tendency of general chain models to "grow more factors" with horizon highly problematic for their practical usefulness. In fact, unless we restrict ourselves to some special case (see next section) we cannot expect chain models with more than two periods to escape the "curse of dimensionality" and be manageable in practice.
Special cases and examples
Here we shall give details of some special cases and examples of the general chain construction. For ease of exposition we restrict ourselves to the case of just two links in the chain, but the extension to general chains is obvious. We use the notation introduced above: the two models are given by quadruplets
with superscript (1) ((2)) referring to the spot (forward) starting model. In all cases the forward model is defined from a spot model as in (2).
1 Although, of course, it will affect h 
Cylindrical chain
Suppose that (up to isomorphism) D Z (2) = D Z (1) and F Z (2) = F Z (1) . Then we can simply identify the factors, ie, define the common factor Z = Z (1) = Z (2) , and this will not in any way affect either of the two models when viewed in isolation. When forming the chain it simply means thatZ (2) in (5) should be the trivial random variable and that the factor structure of the chain model is given by the common factor 2 . We call this type of chain "cylindrical" because the factor structure is the same for all horizons.
In practice the link models will be given by trigger variable specifications and marginal default time distributions matched by choosing suitable threshold functions h
is arbitrary, and we are free to adopt the convention
where the right hand side is determined by (by (8). The reason for the choice (11) is that now, if the k −1'st and k'th models have identical copula structures, the chain is manifestly equivalent to a single copula model. In this sense we can say that, at least for copulas with continuous parameter ranges, eg, RFL, the cylindrical chain is a continuous deformation away from the single-period model. We point out that when the two consecutive link models do not have the same copula parameters, then the chain in general cannot be defined using the trigger variable set-up of the link models-in this sense the chain is "outside the family" of the link models. This is, of course, the whole point of the chaining formalism.
Term structure of base correlations
Base correlations [McGinty et al.(2004) ] are defined in terms of the one-factor Gaussian copula model as the implied flat correlations for generalized equity tranches with a common maturity, T . Thus to a given detachment level d corresponds a certain Gaussian copula model defined such that the tranche with maturity T and detachment level d is correctly priced. By replacing the Gaussian copula model by a cylindrical chain of Gaussian copula models we can extend this construction to more than one maturity. Here we consider just two maturities T 1 < T 2 and we wish to construct a chain model which matches the given prices of two tranches with maturities T 1 and T 2 and a common detachment level d. This can be done by a straightforward "bootstrapping" of a cylindrical chain of two Gaussian copula models with flat correlations ρ 1 and ρ 2 , respectively. First set ρ 1 to the standard base correlation for detachment level d and maturity T 1 . Next set ρ 2 such that the price of the tranche with detachment d and maturity T 2 is matched. Note that both ρ 1 and ρ 2 can be found by straightforward root search.
Specifically, we have then constructed a model with Gaussian factor Z and conditional survival curves (this is directly from (2) and (7))
where h i (t) is a function calibrated such that unconditional survival probabilities are matched. Note that as ρ 1 → ρ 2 the chain becomes equivalent to a single Gaussian copula model. As noted above this is a general feature of cylindrical models. Because of its definition as the correlation parameter of a forward starting model ρ 2 is in a very real sense a forward base correlation and the chain model can be used to consistently price tranches with detachment level d for any maturity. Note however, that the introduction of forward base correlations offers no clues to the pricing of tranches with other detachment levels. Loosely speaking, we can say that it solves only the problem of interpolating in maturity and not the problem of interpolating in detachment level. Of course, this can still be regarded as progress compared to the case of all-spot-starting base correlations for which one is reduced to using heuristic interpolation rules attended by laborious checks for inconsistencies (arbitrage).
Term structure of loss distributions
Suppose we have a factor copula model which is capable of matching to good approximation the prices of a set of tranches with common maturity T . Then we can set up a cylindrical chain of such models to try and match a number of tranches at each of a number of maturities. This model then allows us to price in a consistent way tranches of arbitrary maturity and detachment level. We now briefly discuss how such a model is calibrated in "bootstrap" procedure with a parameter search at each step. Note that, once the model has been calibrated, pricing and sensitivity computations proceed as usual for a factor copula model.
To keep the notation simple we denote the parameters of the copula of the k'th model by α (k) , k = 1, 2. We assume that tranche quotes Q (k) are given for each maturity T k . We begin at maturity T 1 by searching for α (1) such that Q (1) are matched to the desired accuracy. Note that, as usual, for each trial value of α (1) we need to calibrate the g i 's to single-name survival curves over [0,
Next we proceed to searching for values of α (2) such that Q (2) are matched to the desired accuracy. Again, for each trial value of α (2) we need to calibrate the g i 's to single-name survival curves over [T 1 , T 2 ]. But the crucial observation is that the calibration in the second step in no way disturbs the match obtained in the first step. In fact, once the spot model has been calibrated, it is efficient to cache g i (T 1 , z) (for all z-nodes in the quadrature) as well as judiciously chosen time T loss expectations (depending on the considered tranches) since these will not change during the forward model calibration.
Clearly, the choice of an appropriate model for the links of this chain is crucial for the practical success of such a term structure model. In particular, the model should not be too constrained by the choice of factor distribution. Since the RFL specification in a sense contains all other specifications (see Appendix A), using an RFL type link model provides a great deal of useful flexibility.
For realistic computational loads the link model should have only one or two factors and the calibration to tranche quotes must not be too cumbersome. Note that the term structure model is designed to fit the observed market quotes with a parsimonious parameterization and to provide consistent implies loss distributions for all horizons, but that it does not allow any control over the degree of decoupling between losses in different periods. In the next section we shall see how such control may be retained, albeit at the cost of a considerable increase in computational complexity.
Conical chain
In the case whereZ (2) in (5) is non-trivial, the factor structure of the forward model strictly includes that of the spot model and so the factor structure "grows" with horizon, creating a (half-)"cone" with the spot model at its apex. In a conical chain each new period adds "its own" factor which does not affect previous periods and this allows some explicit control over the decoupling of losses between periods.
We remark that since one or both of the models in the conical chain may themselves be chains, it is possible to mix cylindrical and conical subchains in the same model. This is useful if one needs to match tranche quotes at a number of horizons, but do not need to decouple all periods.
To illustrate the difference to the case of cylindrical chains we give three examples, all involving Gaussian copulas, beginning with the simplest case of the "straight" product of two Gaussian copula models. These three examples should be compared to the cylindrical Gaussian chain in Section 4.1.1. The case of conical chains with general links is straightforward in principle; in practice, as usual, much depends on the details of model specifications.
Straight Gaussian chain
Here the factor of the chain model is
with the components being iid standard Gaussian. The conditional survival curves are given by (see (7))
We note that strong resemblence to (12): the "only" difference is that in (14) each period has "its own" factor. This difference, however, means that while factor integrals of the cylindrical Gaussian chain are always one-dimensional, the dimensionality grows linearly in the number of periods for conical chains. This feature makes conical chains with more than one or two links very costly in practical use 3 .
Factor-coupled Gaussian chain
If we take the factor structure to be a general bivariate Gaussian, ie, with correlation = 0, introduce some copuling between the factors. We can control this coupling via the explicit correlation parameters, and in this sense this model sits between the straight chain just discussed and the cylindrical chain in Section 4.1.1; these two extremes correspond to factor correlation 0 and 1, respectively. Note that the difference between the three models lies exclusively in the factor structure; the conditional survival curves always factorize in their factor dependence.
General Gaussian chain
Here we keep the factor structure of the previous section, ie,
but we notice that the product form of (14) can be generalized by introducing a correlation parameter ρ ε . We replace the product of the two normal distributions by a single bivariate to get
It is easy to see that (16) satisfies all requirements of consitional survival curves, but we note that for continuity at t = T 1 we need to set h
i (T 1 ) = −∞ and can no longer maintain (11). This reflects the fact that (16) does not come from a standard specification from trigger variables and that in some sense the multi-periodicity has been "baked into" the forward model-in contradistinction to the case where the model is defined as the forward version of a one-period model. Indeed, one can recover this model from trigger variables as in [Andersen(2006) ], but there has to be a set of trigger variables for each period. The singularity in the default threshold is a consequence of the "restarting" of the trigger variables for each period 4 .
If let the number of periods increase for a fixed final maturity we get a model where the trigger variables restart every instant. Intuitively this will converge to the (Gaussian) firstpassage-time copula model, but in view of our observation above about singularities in the default barrier, this limit may be subtle.
Looking at (16) in more detail we see that for ρ ε = 0, the bivariate term factorizes and we get back the form in (14), except for the denominator 1 − Φ(h i (T 1 ) − √ ρ 2z (2) ). In a sense this denominator is still there, but since h
i (T 1 ) = −∞ it evaluates to 1. In a sense we can obtain all the Gaussian chains presented above as limits of this model 5 -but some of these limits may be singular.
Concluding remarks
In this paper we have introduced a novel way of combining factor copula models into new factor copula models. This technique can be applied straightforwardly to the problem of fitting market quotes for tranches with different maturities with a single, consistent model. Such a model contains the loss distributions for all maturities and can serve as the initial condition for the dynamics of portfolio losses as well as allowing consistent pricing and risk management of tranches with arbitrary detachment levels and maturities.
Another application is to construct term structures of forward base correlations for standard tranche detachment levels. This allows consistent pricing of tranches with these detachment levels, regardless of maturity. However, the pricing of tranches with nonstandard detachment levels faces the intractable problem of interpolating base correlations.
The chaining mechanism developed in this paper is very general and allows the construction of chains where the dependency of losses in different forward periods can be controlled. Such chain models have "more dynamics" than one-period copulas and may be useful for some pay-offs, eg, forward starting tranches. However, this dynamics is quite restricted and the computational complexity quickly becomes unmanageable.
In a sense the developments in this paper shows the severe limitations of trying to extend the factor copula framework to include dynamics-for this a more direct approach, perhaps some concrete version of the "top-down" frameworks set out in [Sidenius et al.(2005) , Schonbucher(2005) ], is more promising. However, chain models may still have an important role to play in the modeling of portfolio loss dynamics: that of providing the initial conditions 6 .
A Factor copula models
Consider a general (one-)factor model specified by
where the b i 's are positive; the ε i 's are independent real-valued random variables with distributions F i ; and the common factor Y is independent of the ε's and has distribution F Y over the domain D Y . We can use this as a model of the default times τ i by considering each X i as a default trigger and making the identification of events
for suitable non-decreasing (default threshold) functions h i : R + → R. The obvious conditional independence of the trigger variables then translates into conditional independence of the default times:
The conditional survival curves are given by
Evidently the factor distribution F Y and the conditional survival curves g i contain sufficient information to reconstruct the joint distribution of default times and so could be taken as a definition of the copula model. The specification (17) is general in principle, but in practice it is highly constrained since the distribution of Y will typically taken to belong to some parameterized family of distributions and there is no gradual transition from one family to another. If we use instead the RFL formulation introduced in Sidenius(2004/2005) ] 7 X i = a i (Z)Z + ε i , i = 1, . . . , N,
where now Z is standardized Gaussian, then it is easy to see that if we choose a i such that the distributions for b i Y and a i (Z)Z are identical, ie 8 ,
the two specifications give the same copula model. Since the factor loading functions of the RFL model are unconstrained 9 we see that the RFL specification provides a nonparametric "cover" class of all other factor models. Of course, the RFL model also allows us to specify asset-specific factor loading functions and is in this sense much richer.
7 Note that we are here using a different, and somewhat more convenient, normalization. 8 We need to make the technical assumptions that F Y is invertible, ie, has positive density, and has median 1 2 . 9 Any positive factor loading function defines a valid model. However, many functions are equivalent in the sense that they define the same model. It may be useful to pick a unique representative of each equivalence class, for example by imposing the natural requirement that a(z)z be increasing.
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